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Abstract

Work done in this paper guides us to find out the relation involving Reynold’s number for modes of non-
oscillatory nature using calculus of variations under the assumption that fluid under discussion is having
different layers passing through matter having pores. These relations help in stability problems, water
waves propagation, rarefied gas flow problems and optimizing thrust from exhaust nozzles. While deriving
the relations, we consider the moving fluid under the impact of heat and magnetizing force.
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Some important concepts: -

Density: It is the mass contained in one unit volume.

Pressure: Pressure is Force acting on unit area of body.

Pressure Gradient: We define Pressure as Force acting on unit area of body. So, if there is difference in
force across any surface then correspondingly there is difference in pressure across the surface and hence
the concept of pressure gradient arises.

Normal mode: A type of motion involving a pattern of movement of constituents of whole body having
equal frequency along with a definite phase relationship.

Compressible and incompressible fluids: If the volume and hence density of a fluid changes then it is
called compressible fluid whereas, an incompressible fluid is one which can neither be compressed nor
expanded, and its volume and therefore its density is always constant.

Porous object: A matter made up of vacant spaces in between enabling a fluid easily pass through.
Grashof number: Quotient of buoyancy force and force due to viscous characteristics of fluid moving with
some velocity.

Rayleigh number: The Grashof number multiplied with the Prandtl number gives Rayleigh number.

Stratified fluid flow: A flow of fluids is called stratified if the lightest fluid flows in the top layer
accompanied by heavier fluid and the heaviest fluid flowing at the bottom of the flow.
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Introduction

Heat propagation in a fluid made up of varying constituents and flowing through a porous matter has a
substantial and pronounced significance. This concept is of utmost and sizeable value while studying nature
of soil, study of earth’s surface, ground water hydrology, during pumping out oil from under the surface
and nuclear processes. Khare and Sahai in 1993 studied the impact of temperature on motion of
heterogenous fluid flowing through a porous matter impacted by magnetizing field. Khare and Sahai in
1993 also gave result on instability property shown by such fluid using calculus of variations. Other authors
have also discussed the behavior of such fluids ([1]-[4]).

Let us discuss the problem:

We assume a wet porous substance placed horizontally. Let the thickness of the substance is | (I >0)

.Suppose it is placed in between two unbounded parallel planes F’l" and Ql" lying vertically one above the
other at height 0 and | respectively. Let the lower plane is having temperature t = t,, and upper plane is
having temperature t=t, (t,>t,).The fluid under discussion is thick, having constant density while it is

flowing. Under this assumption,dQ2/dx remains constant. We also take into consideration that a

magnetizing force is acting vertically to our setup[1], then, we can write the equations of motion (Khare
and Sahai,1993) as:

(HiH)+p X —p, rui + PV VA,

Jeu  eu P u, ., OH, om0
0 j : = — -+ HJ_' _——
ot OX; ox, 4r OX; 87 ox;
i+uj'a—p.20,
ot OX;
8l.+uj'aT.:kT'V2T
ot OX;
CTITRLLURINFRCU IS TR
ot OX; X;
V.u =0,
V.H =0

p= ,00' [Q(X)+a (t, -t )], where Xiy : le : X3' denote, respectively, the co-ordinates along the axes,

ul"uzy',u; denote respectively the three components u', v, w of velocity. le , le, X3' are the components

of the applied force and Hly, sz \ H3' are the components of applied magnetizing force respectively(Khare

and Sahai,1993). KT' and K symbolize thermal diffusivity and permeability of porous matter, vV = L is
Po

the viscosity coefficient, a is the coefficient of volume expansion and ££, is the magnetic permeability.

Now we are going to examine the stability of the unperturbed state which is presented by the following
initial values for velocity, temperature, density and pressure gradient respectively,
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U =0,u, =0,Uu; =0, t' =t,~x, P'=—[gp d

where, "= (t, —t,)/I is the ratio representing rate and direction of flow of temperature.

H, =0,H, =0,H, =H’

Suppose a small perturbation is induced in the initial state, therefore the perturbation state is characterized
by,

u =(u,v,w),t, =t,+6, P =P +P

- Sp . o

P =p | QX)+—+a (t,-t -0)

Po

H, =h,,H, =h,,H,=H +h,, where u’,v,w, &, P, and h,, h,  h, symbolize the
perturbation induced velocity, temperature as result of disturbance, induced pressure, density of fluid and
the magnetizing force[2].Then the perturbation equations in linear form can be written as:

. ou’ O o Mo 0NV

— = P+ H X —p —u + Vva (1

Poor =TTt g o TP tpee VL (D)
—=—— P +2H L —p —V+ Vav 2
oot T Ty ag e P T @
W 8 gy e0h, oV e
poEZ_EaDIjLZ_”H p —p0?w+pouvzw—g5p +ga p,0 (3)
ap) | ...dQ

=2_0(4

ot 0 ®

00 , . o

— "W =K, V% (5

ot T ®)

My M, yven, (6)

ot oz

Py v, (7)

ot 0z

oh, W .,

L =H Z==+5V?h (8

ot o 1V @

a_u+ﬂ+ﬂ20(9)

oXx oy oz

ox oy oz
where,

P =P +HHh,
47

We now investigate the quantities which translate the disturbances as normal modes and interpret their
space and time dependence in the form below (Khare and Sahai,1993)

Q(x) Q16X Y )] (11)
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where, K’ :JKXZ' + Kjl symbolizes the wave number of waves generated after inducing disturbances and

m denotes number of complete oscillations per second during any arbitrary perturbation given. Then
equations from (1) to (11) become

d o TdT e
mu’ :—|KéP+ eH' —h, - Yu+ov( L] —kHu (12)
Po 1 g TP A ([dx} )

2
e d v T e
PV =—iK, P, +4—H d—hy P +p0v([d)J -K v (13)

2
poNW =—AS5P, +Zl€ H dih —py % W+p0V ({ dx} —KHYW-gP +ga p, 6 (14)
mop + po dQ =0 (15)
mé -"w =K; ([ } 6 (16)

h—H—u+77 H @)
dx d

mh, _H%v +;7([H —KHh (18)

mh, _Hw+n{ } “h, (19)
L Coad o
K,u +Kyv=|—w (20)
dx
. Cood .
Kehe +K,hy =ih, (21)

d
where, symbol D denotes& )

Equations (12) to (21) on simplifying, yield

-2 ' ' 2 ' 2
m([i —K'z)w'=#e—H.([i} —K‘Z)ihz'—v—.([i} ~KHwW +
dx | 4w p, L dX dx K Ldx
(22)
2 K'Zdi£2
(8] ckyw - gake
dx | m
,_d 2 2
m—K, d—} -K10 =W @3)
| OX

JdT L en,. s o d
[m-7n ([&} ~K%)h, =H L (24)

Equations from (22) to (24) give the relevant equations in dimensionless [2] form as:

d T d T WHTL TAT oo d '{?jaz 2%’
([} —a'z)({} —a’ o -B)w+ LT ([} —a’)h, =g~ . w+ 3281 (25)
dx dx 4z py v L dX dx oV v
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({d} —a’-Po)0 = [— I}\JZJ w (26)

dx .
dF o o . - ( HId .
I —a —P h =| —— —W (27)
IR e
The quantities lacking dimensions are dizldi' a =k'l,m=oV/?,
X dx
' ) ' . 2 C 20 -
Pl‘:Vi"PZ :V_-vB:L‘,Q‘z'ueH‘IH,R‘:ga/‘\II
KT 77 K 477:00\”7 KTV
' .22
RI'ZM, pogeal”, (28)
kv v

where, a’ symbolizes the radians covered per unit of distance, Pl' and P, are the variables of fluid under
consideration, Q" represents the Chandrasekhar number, R denotes the Rayleigh number, R, is the density

stratification number and B' denotes the porosity number. Since the planes are unbounded, so as discussed
by Chandrasekhar[3], the boundary conditions become,

2
W':{d} ',0':ihz':0 when x=0 and x =1 (29)
dx dx

We have a dispersive relationship from equations (25) to (27) is

dT7 o [dT 2 . JdT o . JdT 2 o o ofdT 2 o JdTdT o JdT ‘
[(LJ -a )({dx} -a _O-_B)(|:d)(} -a _Plg)({dx} -a -P,0)+Ra (LJ -a _PZG)_Q|:dX} (LJ -a )({dx} -a -Ro)

R;a’Z([jJ -2’ -Ro )(m -2’ -Po)
_ w =0

o P:
(30)
Now we express our problem as relation expressing stability in Rayleigh number [2] for the modes showing
non oscillatory behaviour. It implies that ¢ is having real value. We eliminate hz from equations (25)
and (27), we have

d1 o [dT 2 o o JdT 2 oo TdT o fdT
([&} —-a )([&} —-a —U—B)({&J —-a _P:LO-)W_Q(|:&:| —a ){&} W —

glt@y/dt ) 2 [d T 2 .. JdT 2 o .o
Ta (& —a —Pzd)W:(& —a —PZO')F (31)
From equation (26), we have
2
({ﬂ ~a’-Po )F =-Ra’w (32)
X

Multiply the equation (31) by w' the complex conjugate of w, on both sides and integrating with respect to
X, we get
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o

We take
within g

(s

dx

Again multiplying the equation (32) by ((di)z
X

d

k

|

|

~F

dx

3 2 _ 2 2 5
w (A +C +a”) d} w | +[AC +a’(A +C)] iw’ +a'2A'C" W ‘2 dx
| dx dx
(33)
2 2 2 o 2
[d} w dx + E'jl iw" +A" W ‘2 dx:—jI w ({d} —A)F dx
dx dx o | dx 0 dx

the product of equation (32) with E'(Where F isthe complex conjugate of F ') and taking integral
iven boundary conditions, we get

2Jr.]" F 2]dx= R'a'ZJ:EW' dx (34)

_A)F and integrating, we get

2
+(A+J) iF'
dx

TF

2 +AJ| F Z]dx = —R'a'zj(: w (B’XT ~A)YF dx (35)

Here we have notations,
. 2 . .
A=a +P.0o,

C=za’'+0+B,

E'=gl*(do/dx)a’/oVv’
J=a"+P o
using above equations, we have,
¢
R = | (30)
a I,
where
T | d [ z
=] dX}F +(A+J)dXF +AT|F [
d 2
J.( { } +(A+C +a +Q)[ } w | +(AC +a ‘A +a’c +Qa +E) —w +(a AC +EA)‘ ‘ ) dx
dx
Let &R be a corresponding small change in R* as W and F' change to dw anddF  respectively,
consistent with boundary conditions,

MW =6F =0 whenx=0 ,x=1

d
and [d

2q

} (Sw)=0 when x=0,x=1 (37)

using above, we have

SR =

If 1,7

10036

and 1, denote small changes in |

1 C
-(A,F —Ra’a,7) (38)

2

. and 1, respectively, then.
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d dzdz d*rd,,,,—,f,,
I[({ } {d}é‘:{dx} [d}éFH(A J)(—Fd—éF # PO+ AT (F O +F o o

d7 e fdT AT =
af:jo(éF ({d} ~(A +J){ } +AJ)F dz+jOéF([dJ -(A +J){dx} +AJ)Fdx

2

6F2'=J‘I—{ci7 [[d} —(A'+C'+a2+Q'){d} +(A'C'+a'2A'+a'2C'+Q'a2+E')[d} —@°A+EA)W +
0 dx dx dx

Ll (iN[L?J ~(A+C'+a’ +Q')[§X}
From equation (38), we have
R = le ~(P+P +Ra*(Q +Q)) (39)

Where:
oo =fdT o JdT
P'=[oF ({dx} —(A +J)LX} +AJ)Fdx

4

2 PR
+(AC +a°A'+a’C +Qa’+ E')Lﬂ —@°A + E'A‘)]w'}
X

_ 6 4 2
Q‘:j'5w([d} —(A'+C'+Q'+a'2){d} +(A'C'+a'2A+a'2C+Q'a'2+E'){d} —(@°A+EA)wW
0 dx dx dx
or
2 JR—
Q=[w ([“ _a’_Rlo')sF dx, with the help of (33)
X
Again from equation (39),
R =——R[P +Ra ‘0]
26

2

1 o =[dT o . JdT 2 . 2. JdF 2 . .=
- Al (2] -a*-ror (2] -a*-porr eratu( 2] -a'-poroFI (@0

Conclusion

From (40),we have, when R =0
2

then,ﬂ[d?([%} ~a"-Po) ({%} —a’

implies.

2 —_—
~Po)F +Ra‘w ({%} —a"—P,o)5F]dx=0

—[dT 2 _ dT 2 . 2 A7 2 —
5F'({&} -a —Pla')({&} -a -Po)F =-Ra W'({&} -a -P,o)oF
2
Implies {%} —a’ - Po = —Ra‘w

So, in this paper, we derived mathematically the impact of different perturbed quantities like velocity
components, density, pressure, temperature and the magnetizing field respectively on fluid flow. It follows
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2
from above that when ([di} ~a’~Po)F =—Ra’w then we havedR =0.Also the relation holds
X

2 '
conversely, equation (40) gives ([dJ _ a'z_pl'O-')F' — _R'a’w for any arbitrary change oF in F
dx

consistent with the boundary conditions of the problem, moreover the value of F satisfies the boundary
value problem and R is expressed in terms of F_So, the perturbation problem is solved using calculus of
variations.
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