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Abstract

The Suslin matrices exhibit interesting properties which lead to the Local Global Principle and other
important results. In this paper, we follow the Suslin construction by defining a variant of the Suslin
matrices which are named the Almost Suslin Matrices Sr'1 # (v, w), w.r.t. a pair of parameters A, u € R. The
Almost Suslin matrices, despite the parameters, satisfy properties which can be used to derive stronger
results. We define a special product ((v, w)) for v,w € My(,;1)(R). This helps us to derive results which
finally leads us to our goal of proving the Key Lemma.
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1. Introduction

In his paper [9], A.A. Suslin, inspired by the Vaserstein symbol, constructed a special type of matrices
which satisfy interesting properties. It was this symbol which led him to construct these matrices. In ([10],
Proposition 1.6), he proved that a unimodular row of the form (ay, a;, a3, ..., a) can be completed to an
invertible matrix. Given rows v,w € Um,; (R), with (v, w) = 1, Suslin described an inductive
procedure in ([9], §5) for constructing the matrix S,-(v,w) € SL,r(R), whose size can be reduced by
elementary row and column operations to

T + 1 to get a matrix of determinant 1, which is a completion of (ag, a,, a2, ..., al). We call S, (v, w) the
Suslin matrix w.r.t. the pair (v, w).

Selby Jose—Rao in [3], [4] studied the Suslin matrices and obtained the Key Lemma as well as the
Fundamental property of Suslin matrices which enabled them to develop the Jose—Rao theory, attaching
Reflections to a Suslin matrix.

In this article we build up on the Suslin construction by defining Suslin Matrices with parameters

.S'r/1 (v, w), w.r.t. a pair of parameters A, u € R, satisfying the above equation. When 1 = 1 = u we
recover the Suslin matrices. We name these matrices Almost Suslin Matrices.

2. Preliminaries

In this section, we revisit the concept of Suslin matrices along with their properties. This motivates us to
prove some properties of Almost Suslin Matrices, which become a useful tool for the results in
subsequent work. Suslin matrices, S,-(v, w) of size 2" were defined inductively in [9]. Let v =

(ag, aq, ..., ar) = (ag,v1), w = (bg, by, ..., by) = (bg,w1) € My(r41)(R), where vy, w; € My,.(R). Set
So(v,w) = ay, and
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aglyr-1 Sr—1(vy, W1))
—Sp_1(wy,v)" bolyr-1

Sy(v,w) = <
where the superscript T stands for the transpose of a matrix.
The following properties were noted in ([9], Lemma 5.1):
Lemma 2.1. The Suslin matrices satisfy the following properties: Let (v,w) = vwT. Then
1. S.(v,w)S,(w,v)T = (v,w)lyr =S, (W, )TS,(v,w).
2. detS,(v,w) = (v,w)? .
Lemma 2.2. ([3], Lemma 3.1) Let v, w, s, t € My (-41)(R) and let v = (ag, a4, ..., a;),
w = (bg, by, ..., by). Then

S.(v,w) + S,(w, )T = (ay + by)l,r.
Sy (5, 0)S,(w, V)T + S, (v,w)S,(t,8)T = {{(s,w) + (v, t)},r.
S,w,)TS,.(s,t) + S, (t,)TS (v,w) = {(s,w) + (v, t)},r.

In future, we need the following well-known property of determinants.
Lemma 2.3. ([9], Lemma 1.3) Let R be a commutative ring. Let A, B, C,D € M,(R) with AB = BA.

Then, det (‘g g) — det(DA — CB).

In [9], A.A. Suslin also defines a sequence of forms J,, € M,r(R), by the recurrence formulae as follows:

1 forr =0
Definition 2.4. Forr >0, J, =3{J,—1 L —J,—1, forreven
]T—].T _]T—l’ fOI‘ T Odd

(The English translation wrongly says |, = Jr_1 L J,_1, when r is even).

Lemma 2.5. (A. A. Suslin) (]9], Lemma 5.2)
Forr = 0, the matrix |, has the following properties:

Lo it =J0 = ()reniy,
2. detj,=1.

Remark 2.6. Note that by Lemma 5(i), forr = 4k + 1 and r = 4k + 2, ], is an antisymmetric matrix,
and forr = 4k + 3 and r = 4k, ], is a symmetric matrix.

A.A. Suslin also proved the following:
Lemma 2.7. (Suslin Identities) ([9], Lemma 5.3)
1. Forr =4k, (S,(v,w)],.)T = S,.(v,w)J,.
2. Forr=4k+1, S, (v,w)],.S,(v,w)T = (v,w)],.

3. Forr=4k+2 (S,(v,w),)T = =S.(v,w)],.
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4.  Forr =4k + 3, S,(v,w)],.S,(v,w)T = (v,w)],..
Remark 2.8. We have the following via Lemma 2.7:

S.(v,w) ifreven

Ty-1 _
JrSrw) T = {Sr(w, )T ifr odd

Notation 2.9. For a matrix a € M, (R), we define a‘°P as the matrix whose entries are the same as that
of a above the diagonal, and on the diagonal, and is zero below the diagonal. Similarly, we define a?°t.

For simplicity we may write a® for a*°P, a? for a?°* and a” for a transpose. Moreover, we use a‘? for
atop or abot

We also write expressions like xat?x~1 = Bb¢ to mean that both xa®°Px~1 = P and xa?%tx~! =
BLOP hold.

3. Almost Suslin Matrix: Definition and Properties

We begin by describing the process by which the Almost Suslin Matrix with parameters A, S:‘ Flv,w) is
defined. The definition reminds us of Suslin Matrices but there is a major difference which will be seen
below. Let R be a commutative ring with unity.

Definition 3.1. Let A, u € R and v = (ay,ay, ..., a,) = (ag,v1), w = (by, by, ..., by)

= (bo, Wl) € MI(T‘+1)(R)! where VU, W1 € er(R) Set

S (v, w) = ay,

and
S’W(v w) = < aolyr-1 /15r—1(171,W1)>_
" —uSp_1 (wy,v1)" bolyr-1

Note that when A =y =1, STA “(v,w) is a Suslin matrix.

For v,w € M;(11)(R) as above, we define

,
((v,w)) = agby + A#Z a; b; = agby + (Avy, uwy) = ((ag, Avq), (by, uwy)).

=1

The following properties of ((v, w)) can be proved easily.

Lemma 3.2. Letv,w,s € My(;11)(R) and a € R. Then

L ((v,w)) = {(w,v)).
2. ((v+w,s)) = {(v,s)) + ((w,s)).
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3. (av,w)) = a({v,w)).

It is clear that the product ({(v, w)) is not an inner product.
We prove some useful properties of Sr’1 (v, w).
Lemma 3.3. Let A, u € R, v = (ay, aq, ..., a,) = (ag, v1), w = (bg, by, ..., by) = (b, w;)
€ MI(T+1)(R)' Then
Au wl T _ _ chl T oAl
. ST (w,w)S"(w,v)" = (v,w)lr =5 (w,v)' S (v, w).
2. det (Sr}““(v, w)) = ((v,w))? .
- chu _ 2T-1_1 o T
3. adj S (v, w) = ((v,w)) Sy (w,v)".
A 4,
4. Sf w, )" = Sy “((bo» —v1), (@, _Wl))-
Proof: We obtain

P 0)

ShH (v, w)SHA(w, )T = (0 p

where P = agbglyr-1 + ApuS,_q (v, wy)S,—q (Wy, v1)7. Since Sy_q (01, w1)Sp—q Wy, v1)7 = (v, Wy ) pr-1

(Lemma 2.1), we have
T
p= (aobo + Auz a bi) L.
i=1

Therefore,

SAH (v, w)SHA(w, v)T = (v, w))l,r

proving (a).
Since (aolzr-1)(ASr_1(v1, wl)) = (ASr_l(vl, Wl))(aolzr-1), applying Lemma 2.3 we get

det (S;L# (v, W)) = det((bolzr‘l)(aolzr-l) + AuSy_q (Wi, )" S _1 (vg, Wl))
= de'c(aobolzr—1 + Sy (Wi, )" S 1 (vy, W1))

= det(agbgl,r-1 + Au{vy, wyi)l,r-1) [By Lemma 2.1]

-
= det (aobo + /wz a; bl-) I,r-1
i=1

r 21"—1
- (aob0 +) g bl-) = (wp?
i=1
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and (b) is proved.

The property of determinants gives

Sf‘l(w, v)TSf’”(v, w) adj (Sf’”(v, w)) = det (Sf’”(v, W))S#'A(W, )T,

By using (a) and (b) we get
(W) adj (51 w,w)) = (w,w)? st w, )"
If ((v, w)) is not a zero divisor, then
adj (M (w)) = (W) 25 w0

If ((v, W)> is a zero divisor, then considering v' = (a, + X, a4, ..., a,) and

w' = (by + X, by, ..., by) € My11)(R[X]), ((v',w')) is not a zero divisor in the ring R[X] as itis a

unitary polynomial. So, by the case above, we get

adj SH (v, w") = (v, w'))F T 154 (w, )T
Setting X = 0 gives our desired result (¢).
Property (d) follows by a direct computation.

Lemma 3.4. The following formulae are valid for the Almost Suslin Matrices:
L. Forr =4k (5" (v,w) ]r)T RCAT
2. Forr =4k +1, SM(w,w)],S*w,w)T = ((v,w))),.
3. Forr=4k+2, (Sf'“(v, w)]r)T = 4 (v, w)J,.

4. Forr =4k + 3, SM (v, w)], S (w,w)T = ((v, W),
Proof: We use induction on r. The case when r = 0 is trivial.

Whenr = 1, we get

0 1
ST (W, ) ST (W) = {agho + Auashi} (o)

-1 0
= ((U, W))]l
For r = 2, we obtain,
- S1(vy, W)l
—SEA W =( Ao/ p1 (v, We )
2 % AS1 (wy,v1)" ] boJx

Also,
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aoly —/151(U1’W1)]1>.

Au _
%2 w.w)> = (—M51(W1,U1)T]1 —boJ4

So, by Lemma 2.5 and Lemma 2.7,

Au r —ao/1 w1S1(wy,v1)
(SZ (U'W)IZ) _(11151(V1'W1)T boJ1 )

By Lemma 2.1 and Lemma 2.7 (using the case when r = 4k + 1) we get,

S1(w1, w1))15:1(v1, W1)TS1(W1' v1) = (U, wi))1S1(wy, v1)
= (v, wi)S1 (v, wi)l1 = (v, wi)J1S1(wy, 1)
=S (vy,w)i =/1S1(wy,vq)

whenever (v, w, ) is a non-zero-divisor. If (v;, w; ) is a zero divisor we consider v;" =
(ay + X,ay,...,a,) andw;" = (by + X, by, ..., b)) € My, (R[X]). Then (v;’,w;') is a non-zero-divisor as
it is a unitary polynomial in the ring, R[X]. We therefore have

Sy (i, w11 = J1S1(wy',v1") and putting X = 0, we get
S1(wp,wi)jy = J1S1(wy, v1).
Since JT = —J;, by taking transpose on both sides we get,
J1S1(w, w)T = Sy (wy,v)7 ).

Therefore, by using these results we get

( —aofy IJ51(V1'W1)]1>
A8y (Wl'vl)le boJ1
= —s¥ (v, w));

(s2wwy)

which is the desired result.
Forr = 3, we get

2, 2
S5 (v, w)J3S5H (v, w)T
_ ( —agAS;(v1, wy)]2 + agA S, (v, wy)T agbofy + ApS;(v1, wi1)J2S2(we, v1) >
—{aoboJy + AuS; (Wi, v1) 728, (01, W)} pbo)2S,(Wy, 1) — ubeS, (W, v1)7 ),
Note that by Lemma 2.5 and Lemma 2.7 (using the case when r = 4k + 2), we have

Sy (v1, w1)J2S2(wy, v1) =—(52(V1'W1)]2)T52(W1»V1)
= _1;52(U1;W1)T52(W1:U1)

= (vy, w1)/2.

Similarly, S, (wq,v1)7],S,(vy, wy)T = (vq, w;)/,. Also, by Lemma 2.5 and Lemma 2.7,

(52(771:W1)]2)T = =5, (v, W)/
=138, w)T = =S, wi)),

= — S, (w,w)T = =S, w),
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giving /5,5, (U1:W1)T = S(v1, wq)J,. Similarly, /,5,(wy,v1) = S, (W1,U1)T]2-

Hence,

SIS )T = faobo + i} (1) 2) = (wws,

Hence the result is true for r = 3.

Suppose r = 4k, k > 1. Since r — 1 = 4k + 3, we can express S,_; (v;,w;)/,_1 by Lemma 2.7 as
follows:

Sro1 Ui, W)Jr—1Spm 1 (0, W) Sy Wy, v1) = (U, W) _1 Sy (W, v7)
= (V,wW)Sr_1 (W, wi)fro1 = (VW) r1Sro1(wy, V1)
= Sro1(u,wi)lror = JroaSro1(wy, vy)
whenever (v, w) is a non-zero-divisor. In case (v, w) is a zero divisor, we consider two vectors v;’,w;" as
before in the ring M;,-(R[X]) and use the same argument, we have

Sr—1 (Wi, W) Jr—1 = Jr-1Sr—1(Wy,v1) and Sp_y (Wi, w1)" )y = Jr_1Sr_1(v1, w;)". Thus we have

uwi _ aofr-1 —tfr—1Sr—1(Wy, Ul))
Sr (v' W)]r - (_/Ur—lsr—l (171, Wl)T _bojr—l .
Hence,
Au aofr-1 —AS,_1(v4, Wl)]r—l)
S (vw)], = ( .
" ( )]T _#Sr—l(wl' Ul)T]r—l _bojr—l

Therefore, by Lemma 2.5,

Au T _ aofr-1 —Wr1Sr—1(wy,vq)
(Sr (v’ W)]r) B (_A]r—lsr—l(vl’ Wl)T _bojr—l )

A
= SF (v, w)),
Thus, the result is true for r = 4k.

Now suppose r = 4k + 2, k = 1. Since r — 1 = 4k + 1, we have by Lemma 2.1, Lemma 2.5 and
Lemma 2.7,

Sr—l(vliwl)]r—lsr—l(vbWl)TSr—l(Wlfvl) = (U, W)]r_1Sr—1(Wy, V1)
2 (U,wW)Sro1 (v, w)lr—1 = (VW) 151 (Wy, V1)

whenever (v, w) is a non-zero-divisor. In case it is a zero divisor, we consider two vectors in the ring
M, (R[X]) and use the same argument as before to get

Sr—1 (W1, W) Jr—1 = Jr—1Sr-1(wy,vy). Similarly, Sy (W1, v1)" Jr—1 = Jy_1Sr_1 (v, w;)". Hence,

_ ( —aoJr-1 Wr-1Sr—1 (W1, V1)>.

_gha
S w.w)y Ar—1Sr—1 (v, W1)T boJr-1

Also, by the definition,
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Au _ aglyr-1 ASy_1(v1, wy) ( r—1 0 )
S , =
rt Wy (_#Sr—1(W1»V1)T bolyr-1 0 —Jr-1
_ ( aofr-1 _/15r—1(v1'W1)]r—1>
—uSy_1(wy, U1)T/r—1 —boJr—1
Hence, we have
(Sl’“(v, w)J )T _ ao]?—1 —.U(Sr—1(W1’U1)T]r—1)T
" " _A(Sr—1(v1:W1)]r—1)T —bofrT—1
_ ( —QoJr—1 M]r—lSr—l(ervl))
A]r—15r—1(v1'W1)T boJr-1

A
= _S# (17, W)]T
This proves (i) and (iii).
Letr =4k + 1,k = 1. Sincer — 1 = 4k, we have by Lemma 2.7,

(Sr—1(v1;W1)]r—1)T =S,_1(v,wi)lr-1
SIS, w)T =S (v, wy)Jrog
> Jro1Sro1 (v, w)T =S (v, wi) g

So, Jr-1Sr-1(v1, W1)T = Sy_1(vy,w1)/r—1 and similarly S,_; (wy, U1)T]r—1 = Jr-1Sr—1(wy, v1). We now
have

ALu ALu T _ A B
St wsH @w" = (5 )

where:

A = —agAS,_1(v,w1)frog + aO/Ur—ISr—l(vl'Wl)T =0,

B =ayboJr—1 + AuS,_1(v1,w1)Jr_1Sr—1(Wy, 1),

C = —agboJr-1— A“Sr—l(wl'vl)T]r—lsr—l(vl'Wl)T'

D = boptfr—1Sr—1(Wy,v1) = boptSy—1 (W1, v1)" )y = 0.
By Lemma 2.7,

Sr—1(W1, W)Jr—1Sr—1(wq, v1) =]r—15r—1(171'W1)TSr—1(W1'171) = (1, W1)Jr-1-
Similarly,
5r—1(W1:V1)T]r—15r—1(v1.W1)T = (v, W1))r-1-

Hence,

0 (v, w)r-1
—((v, Wwhr-1 0

In the last case we consider, r = 4k + 3, k > 1. Since r — 1 = 4k + 2 we have by Lemma 2.5 and
Lemma 2.7,

5 0, W) S W) = ( ) = v, w0

(Sr—1(171:W1)]r—1)T = —=Sr_1(v, w)Jr—q
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giving J,_1S,_1(vy, W1)T = Sr_1(v, wiJr_g.

Similarly,
Jr=1Sr—1(Wy,v1) = Sp_1(wy, U1)T]r—1-

So, we have Sf‘” (v, W)]rSf’” (w,w)T = (P Q)

R S
where
P=0,
Q = (v, w))r-1,
R =—((v,w))]y_1,
S=0.
Thus S )l SH ) = (L, 10
= (v, w))Ir.
This proves (ii) and (iv). O

4. Almost Unimodular Vector group

Definition 4.1. The Almost Special Unimodular Vector group AS Umf’” (R) is the subgroup of

SL,7(R) generated by the Almost Suslin matrices STA'“ (v, w), w.r.t the pair (v,w) with {{v,w)) = 1 for
somew € Mq(r41)(R).

Definition 4.2. AE Umﬁ’” (R)* denotes the subgroup of ASU mﬁ'“ (R) generated by the Almost Suslin
Matrices Sr}”‘”(elEli(v), e), 53’”(61, elEll-(v))for 2<i<r+1,v € R(e, remains fixed for all
generators).

Notation 4.3. For the generators of AE Umf’” (R)*, we use the following notations: E;1 HleHWw) =
2, 4,
Syt (e E1i(v), eq) = SiH (eq + vey, e1)

A, * A, A,
Ey H(ei ) =S, ”(6’1; 91E1i(V)) =Sy “ler, e +ve)
where2 <i<r+1,vER.

Notation 4.4. For a generator a of AEU mf’” (R)*, we denote AE Umf’” (R)® as the subgroup of E,r(R)
generated by the elements a'?.

The generators of AE Umf’“ (R)t? satisfy the splitting property and its consequence which can be easily
proved.
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Lemma 4.5 (Splitting Property) Let a, B € R. Then E,**(¢;))(a + B)t? =
EAH(e) (@) E A () (B forci=ejorci=e, 2<i<r+1.

Corollary 4.6. Let a € R. Then Er}"“(ci)(oc)”’_1 = E, M () (—a)? for ¢; = e; or

ci=e¢" 2<i<r+1

5. Key Lemma

The following result helps us with computations involving the Almost Suslin Matrices and also leads us
to the Key Lemma.

Lemma 5.1. Letv, w, s, t € My11)(R) and let v = (ay, ay, ..., ay) = (g, V1),

w = (bo, le '"le) = (bo,Wl), A,H € R, Whel”e V= (al, ...,ar), Wi, = (bl' '"'bT')' Then

S, w) + SFHw, )T = (ap + bo)lyr.
SH (s, S w, )T + S wISEAE T = (s, w)) + (v, ).
SEA (w, v)TSF (s, 0) + SEA TS (v w) = {(s,w)) + (v, )}

Proof: By using the definition of the Almost Suslin Matrices, we have
Sz"“(v, w) + Sr”')‘(w, v)T = (ag + by)I,r.
Also, by Lemma 3.3(a) and Lemma 3.2, we have
S W+ s, w+ O W + 6, v+ 5T = {((n,w)) + (1, 8)) + ({5, W) + (s, )} .
But Sf’” (w+sw+ t)SﬁM(W + t,v + s)7 can also be expressed as

(S} (w, w) + S} (s, OHSEH w, )T + S8, )T}

+SM (s, )S* (8, )T

= (v, WPy + S W, w)SEE )T + S (s, £)SE (w, v)T
+{(s, ) ,r.

Equating the two expressions for Sr/1 Hw+s,w+t)SH A w+t,v+s)T, we get,
2, A 2, A
SEH W, w)SE ()T + S (s, )87 (w, )T = (v, 1)) + ({5, W)}

Similarly, we can prove the last assertion. O

Lemma 5.2 (Key Lemma) Let v = (a, ay, ..., a),w = (b, by, ..., b)) € My(r41)(R). Then, forr = 2,
2<i<r+1,vER,

1. EM(e)()PSH (v, w)EM (e) (V)P0 = SPH (v — Auvb;_, ey + bovey, w)

2. EM(el) ()P (v, w)EM (ef) (V)P = S (vEy (—Auv), wEy; (v))
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yy A, A A,
3. EM(e) )OSy (v, wES (e) )P = S (vEy (v), wEyy (=)
4. EM(e)W)PISH 0, wEM (e)) (1)1 = SM (v,w — Awva;_se; + agve;)
Proof: We use direct computation to derive the result. Let v = (ay, aq, ..., a,)

= (ag,v1) andw = (b, by, ..., by) = (bg,w1) € My(r41)(R), Where vy = (a4, 4y, ..., a,) and wy =
(bl'bZ' ""br) € er(R)

Since
Lu _ cAu
E,"H(e)(v) = 5.7 (e1 + ve;, eq),
we have by Lemma 2.2,
A,
E, M (e,) )PP S;H (v, w)E, M (e,) (v) Pt

_ <a012r—1 — ASp—1(vei_1,0)S, 1wy, v)"  A{Sr_1 (w1, wq) + boS,—1 (Vei_y, 0)}>
—uSy_1(wy,vy)" bolyr-1

Iyr-1 0
g r i)
—uSr—1(0,ve;_1)"  Ipra

_(an 0(12)
a1 Q22

where
a1 = aglyr-1 — Au{Sy_1(ve;_1,0)S,_1 (wy, U1)T + 5r—1(171.W1)Sr—1(0;Vei—1)T}
~AboSy_1(ve;_1,0)S,_1(0,ve;_1)"
= (ag — Apvb;_1)I5r-1,
@iz = A(Sp—1 (1, wy) + boSr_1(ve;_1,0)) = AS,_; (v + bove;_1, wy),
ay; = —p(Sp—q1(wy, 171)T + b05r—1(0'Vei—1)T) = —uSy_1(wy, vy + bovei—1)T,
0(22 = bolzr—l.
Thus,

(Ofn 0(12) _ (ag — Auvb;_1)Iyr-1 ASy_1(vy + bove;_q,wq)
21 QA2 —‘uSr_l(Wl, V1 + bovei_l)T bo]zr—l

= S (v — Auvb;_ e, + byve;, w).
This proves (i).
We have by Lemma 2.2,

* /1, *
E, M (el) () toPSIH (v, w)E M (e]) (v) POt
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<aolzr-1 — AiSr—1(0,ve;_)Sr— 1wy, v)"  A{Sr_1 (w1, wy) + boS,—1 (0, Vei—1)}>
—uSy_1(wy,vy)" bolyr-1

Iyr-1 0
“ * )
—uSr_1(ve;_1,0)"  Irr

_ (ﬁn .312)
Bz1 Bz

where

Bii = aolyr-1 — Ap{S,_1(0,ve;_1)Sr_1 (Wi, v1)" + Sp_1 (w1, w1)S,_1 (ve;_1,0)"}

—AptboSy_1(0,ve;_1)Sy_1 (ve;_1,0)"
= (ag — Apva;_1)I,r-1,

Biz = A(Sy—1(v1,w1) + boSr_1(0,ve;_1)) = AS,_1 (v1, Wy + bove;_1),

Bor = —u(Sr—1 (Wi, v)" + boSy_1(ve;_1,0)") = —uS,_1(wy + bove;_q,v1)7,

,822 = bo]zr—l.
Thus,

(311 312) _ (ap — Apva;_1)Ir-1 ASy_1(v1, Wy + bove;_1)
ﬁ21 ﬁzz _MST—l(Wl + bovel'_l, Ul)T bolz‘r—l
= Sf’”(v — Auva;_,e,,w + byve;)
A,
=5 ”(VEH (=), WE1i(V))-

This proves (ii).
E, M () )DL S (0, w)E, M () (v) 0P

_ < Aglyr-1 ASy_1(vy, wy) >
—u{agSr—1(0,ve;_ )" + Sr_1 (W1, v)"}  bolyr-1 — ApuSy_1(0,ve;_1)"S,_; (vy, wy)
x (Izr—l ASr_l(Vei_l, 0))

0 Ly
_ (V11 V12)
Y21 V22
where
Y11 = Qolyr-1,
Viz = A(Sro1 (i, wy) + aoSr_1(ve;_1,0)) = AS,_1 (v; + agve;_1,wy),
Yor = —H(Sr_1(wy, )T + aoSr_1(0,ve;_1)") = —uS,_1(wy, vy + agve;_4)7,
Y2z = bolyr-1 — agAuS,_1(0,ve;_1)"S,_1(ve;_4,0)
—Ap{Sy—1(0,ve;_1)TSp_q (g, W) + Sp_q (W, v1)7 S, (ve;_4,0)}
- (bo - /’Lqui—l)IZr_l'
Thus
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(V11 V12) _ Aplyr-1 ASy-1(v1 + agve;_1,wy)
Y21 V22 —uS,_1(wy, vy + agve;_)T  (bg — Auvb;_{)I,r

= Sj“u(‘l] + agve;, w — /Luvbl._lel)
A,
= S;H(vEy;(v), WEj (— ).
as required and (iii) follows.

* A, *
E M (e) (v)POLSH (v, w)E, M (e]) (v)EoP

_ ( aolyr-1 ASy—1(v1,w1) >
—p{aoSr_1(vei_1,0)" + S,y (wy,v)"}  bolyr-1 — AuSy_1(ve;_1,0)"S,_; (vy, wy)
% (Izr-l )LSr—l(Ojvei—l))

0 [yr-1
_ (511 512)
821 622
where
511 = aolz‘r—l,
612 = A(Sr_1 (w1, wy) + agSr_1(0,ve;_1)) = AS,_1 (vy, Wy + agve;_s),
81 = —H(Sr_ (W, v)" + aoSr_1(vei_1,0)7)) = —uS,_1 Wy + agve;_q,v1)7,
8p2 = bolyr-1 — agAuS,_1(ve;_1,0)7S,_1(0,ve;_q)
—2u{Sr—1(ve;_1,0)7S,_ (v, wy) + Sp_q (W, v1)7S,_1(0,ve;_1)}
= (bg — Auva;_1)I,r-1.
Hence,
(611 512) — a012‘r'—1 /’15‘,«_1(7]1, W1 + aovei_l)
821 022 —uSr_1(wy + agve;_q,v1)" (bo — Auva; 1)1,
= S, M (v, w — Auva;_q e, + agve;)
as required and (iv) follows. O

6. Conclusion

We have proved the Key Lemma which describes the action of the Almost Special Unimodular Vector
group using the top bottom matrices. We will be using the Key Lemma to prove a Fundamental Property
for Almost Suslin matrices, parallel to the one proved for Suslin Matrices. This will lead us to the
equivalence of the Key Lemma and the Fundamental Property.
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